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ABSTRACT

We describesomecomputationalexperimentscarriedout with variantsof the “PageRank”model due to Pageet al., with
particularreferenceto thesmallandlargescalestructureof theWeb.
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1 INTRODUCTION

This postersummarizesthe resultsof threesetsof experiments[1]carriedout with “PageRank”computation. The first set
examinestheconvergenceof thestandardmethod,andrelatesit to thesmallerscalestructureof theWeb. Thesecondexamines
an alternative approachto computingPageRankwhich givesmuchfasterconvergence,at the costof an additionalsort. The
third topic is theexploitationof thelargerscalestructureof theWebto partitionthecomputation

2 MATHEMATICAL FORMULATION

We treattheHTML “points-to” relationon Webpagesasa directedgraph �������
	��� , wheretheset � of verticesconsistsof
the � pages,andthe set � of directededges����	��� , which exist if f page� hasa hyperlink to page� . In practicethis graphis
usuallyprunedto remove self-loopsandotherformsof “spam”. For convenience,we define ��� astheout-degree of page� (the
numberof hyperlinkson page� ). We alsodefinea strongly connected component of � to bea subset������� of thevertices
suchthat for all pairsof pages��	������ � , thereexists a directedpathfrom � to � . Finally, we will refer to a largeststrongly
connectedcomponentof a graphasthe SCC.

PageRankis a staticrankingof Webpages[5], usedat thecoreof theGooglesearchengine(http://www.google.com).In
“ideal” form page� is assignedrank ! � asa functionof therankof thepageswhichpoint to it:

! � � "$#&% �('*),+ �.-0/
# ! # (1)

This recursive definitiongiveseachpagea fractionof therankof eachpagepointingto it—inverselyweightedby thenumber
of links outof thatpage.Wemaywrite this in matrix form as:

!1�324! (2)



where 5 � # �6� -
/� # if ����	��78��� andzerootherwise.
In practicemany pageshave no in-links andtheeigenvectorof (2) is mostlyzero.To getaroundthisdifficulty, we mayuse

an“actualmodel”: !
�4���*9;:=<>@?A< "$#&% �('*),+ � -0/
# ! #CB � (3)

or in matrix terms: !D�6�*9�:=<>�E;?=<82>! (4)

where E is thevectorof all 1’s,and <F�HGJIK<FIL9M is a parameter. If we scale! sothat E�NO!1�D� this is equivalentto:

!1�KPQ�*9;:=<> E�E&N� ?A<R2TS(! (5)

Unlessstatedotherwiseweuseavalueof GVU W for < , but othersreportusingavalueof GVU XMY . Thismodificationclearlyovercomes
theproblemof identicallyzeroPageRank—wemaythink of (3) as“seeding”eachpagewith a rankof �*9;:=<> .
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Figure1.

Convergence of Host graph vs Web graph

3 POWER ITERATION AND CONVERGENCE

Power iteration[3] is themoststraightforwardtechniquefor computingtheprincipaleigenvectorof amatrix. Elementarytheory
tells usthatas < is reducedfrom 1 thegapbetweentheprincipalandsecondeigenvaluewill increase,andpower iterationwill
converge morequickly. This is commonlyobserved. What is not commonlyobserved is thatconvergencemaydependon the
structureof thegraph.We cannaturallypartitionthegraphinto links insideWebsites,andlinks acrossWebsites.Weconsider
theconvergenceof poweriterationonthehost graph, in whicheachvertex correspondsto anentireWebsite.Any edgebetween
pagesin differentsitesis representedasanedgebetweenthe correspondingsiteverticesin the hostgraph. We considertwo
variants:in thefirst weallow multipleedgesbetweensitesif multiplepageson onesitecontainedlinks to thesamedestination
site. In thesecond,we collapseall suchhyperlinksinto a singleedge.Figure1 shows theconvergenceof power iterationfor
thesetwo variantsof thehostgraphagainsttheconvergencefor theentireSCCfor theStanfordWebBasegraph[4].

Note that the normalizederror measures(residuals)in Figure1 areplottedin log scale. Clearly, residualsareordersof
magnitudesmallerfor thehostgraphthanin thewholeSCC.Furthermore,we wereableto computenumericallythe second
eigenvalueof thehostgraph,which is 0.9896.Thus,theeigenvaluegapis larger than1%, implying quite rapidconvergence.



On theotherhand,theeigenvaluegapfor theSCCwastoo small for us to completecomputationof thesecondeigenvaluein
reasonabletime.

We concludethatconnectivity betweenWebsitesis strongandrobust. However, oncewe shift from thegranularityof the
hostgraphbackto thegranularityof theWebgraphitself, thecomplex structurewithin individualsitescausesconvergenceto
suffer.

4 EIGENSYSTEMS OR EQUATIONS?

Insteadof computinganeigenvectorfrom (5), we now considerthecompletelyequivalentproblemof solvingthesetof equa-
tions(4), which we canwrite moreconventionallyas:

�Q[\:]<R2^�!1���*9;:=<>_E (6)

Thesimplestiterativemethod—Jacobiiteration—forsolving(6), requiringusto computeat iteration `
!
"$acb
/ '� �K��9;:]<>@?D< "$#&% �d'e)�+ 5 �

# !
"$a '# B ��	 (7)

turnsout to producethesamesequenceof ! "$a ' aspower iterationcarriedout on (5). Thenext stepis to usetheGauss-Seidel
iteration: !

"$a7b
/ '� ���*9;:=<>@?A< #�f � 5 �

# !
"$a7b
/ '# ?D< #,g � 5 �

# !
"$a '# B � (8)

which usesthemostrecentvalues!
"dacb
/ '#

wherever possible.In Figure2 weplot theconvergenceof thetwo methodsusingthe
sampleSCCof theprevioussection.In thisexperimentwe first computedtheeigenvector(for <h�iG�U W ) by othermeansto full
singleprecisionaccuracy. We thenran thePower IterationandGauss-Seidelmethods,at eachstepcomputingthe2-normof
thedeviation of thecurrentiterate! "$a ' from theknown solution.
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Figure2.

Logarithmic Convergence of PageRank for Power Iteration and Gauss-Seidel with <���GVU W
The Gauss-Seidelmethodclearly convergesmuchfasterthanthe Power/Jacobimethods.The only caveat is that Gauss-

Siedel requiresus to sort 2 by row, while Power/Jacobican useit in any order. Experimentsindicate that the improved
convergencemorethanmakesup for thesort.Wholeclassesof iterativemethods[3]remainuntriedfor this problem.



5 LARGE SCALE STRUCTURE OF THE WEB AND ITS IMPLICATIONS

So far we have consideredonly small-scalestructureof the Web graphandits associatedmatrices. Whenwe considerthe
large-scalestructureof theWeb,theargumentsfor usinganequation-solvingapproachbecomeevenstronger. As is now well
known, thegraphstructureof theWebmaybecharacterizedby the“bow tie” of Figure3 (seeBroderetal[2])

Figure3.

Bowtie Structure of the Web

Ignoring thedisconnectedcomponents,which canbedealtwith separately, it is easyto seethat this structurecorresponds
to aspecialcaseof a “block uppertriangular”permutationof our coefficientmatrix:

2��
2 /�/ 2 /lk 2 /nm UoU�Up2 /rq2 kek 2 k�m UoU�Up2 kcq2 m�m UoU�Up2 mcq

. . .
...2 qsq

(9)

andindeedwemayview thebow tie asavisualmodelwhich capturessome,but by no meansall, of thestructurewhichcanbe
extractedfrom thematrix 2 .

Thestructure(9), whereeachdiagonalblock is irreducible, maybeextractedby DepthFirst Search(DFS)[6]. Thelargest
diagonalblock correspondsto theSCC,andthis is theonly really efficient way thatwe know of to find it. We maytherefore
considerthefinding of theentiredetailedblock structure(9), a linearcomplexity process,equivalentto thework involved in
just thefirst stepof finding theSCCfor thebow tie.

Whenanequationsolvingmethodis usedwe mayconformablypartition ! with thematrix sothat

! N �3�Q! N / 	�! Nk 	�! Nm 	oU�U�Ue	�! Nq 
andequation(6) canbesolvedvia a sequenceof smallerproblemsof thegeneralform:

��[\:i<82 ��� �! � �K��9;:i<4�E;?=< q#�t � b / 2 �
# ! # (10)

for �u�wvx	�UoU�Uc	ey�	z9 .



StrongComponentSize Numberof ThisSize
8,188,380 1
108,131 1

30,000- 40,000 7
20,000- 29,000 34
10,000- 19,999 68
1,000- 9,999 808

2 - 1,000 221,149
1 4,771,701

Table1.

SizeandNumberof StrongComponents

Generallyspeaking,we expectthesolutionof thesesubproblemsto takefewer iterationsindividually thanis requiredfor
thehugematrix 2 , leadingto lesstotalarithmetic.Theotherpayoff, perhapsthe payoff, is in reducedI/O.

Whenwe solve thesequenceof setsof equations(10) we expectthe largestof the subproblemsto be of theorderof the
SCC,andmany of the 2 ��� matricesmay now be ableto fit in memory. To illustratethis, we show in Table1 thesizeof the
strongcomponentsfor theWebgraphof anexperimental(andincomplete)crawl of the IBM intranet,with 20,813,497pages
and333,203,246links. Weseethatthereis arapiddrop-off in sizefrom thelargestSCCof about8 million pagesto many much
smallercomponents.Thissuggestsastrategy of aggregatingadjacentcomponents(i.e. diagonalblocksin (9)) to producemany2 ��� submatriceswhich fit in mainmemory—perhapsfor all but thelargestSCC.In this situationthetotalamountof buffering
(I/O) requiredis considerablyreduced.

6 CONCLUSION

Our limited experimentssuggestthatPageRankcomputationcanbe significantlyspeededup. We await the resultsof larger
crawls beingcarriedout by ourcolleaguesto testthemethodswe have discussedhereon a full Webscale.
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