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ABSTRACT

We describesome computationalkexperimentscarried out with variantsof the “PageRank”model dueto Pageet al., with
particularreferenceo the smallandlarge scalestructureof the Weh
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1 INTRODUCTION

This postersummarizeghe resultsof three setsof experiments[1]carriedout with “PageRank”computation. The first set
examinegthecorvergenceof thestandardnethod andrelatest to the smallerscalestructureof theWeh Thesecondexamines
an alternatve approachto computingPageRankwhich givesmuchfastercorvemence,at the costof an additionalsort. The
third topicis the exploitation of the largerscalestructureof the Webto partitionthe computation

2 MATHEMATICAL FORMULATION

We treatthe HTML “points-to” relationon Web pagesasa directedgraphG = (V, E), wherethe setV of verticesconsistof
then pagesandthe set E of directededges(s, j), which exist iff page: hasa hyperlinkto page;. In practicethis graphis
usuallyprunedto remove self-loopsandotherformsof “spam”. For conveniencewe defined; asthe out-degree of page: (the
numberof hyperlinkson pagei). We alsodefinea strongly connected component of G to bea subsetl’’ C V of the vertices
suchthatfor all pairsof pagesi, j € V', thereexists a directedpathfrom i to j. Finally, we will referto a largeststrongly
connectedomponenbf a graphasthe SCC.
PageRankis a staticrankingof Web pageq5], usedat the coreof the Googlesearchengine(http://www.goode.com).In

“ideal” form pagei is assignedankz; asa functionof therank of the pageswhich pointto it:

zi= Y dj'z; (1)

This recursie definitiongiveseachpagea fraction of the rank of eachpagepointingto it—inverselyweightedby the number
of links out of thatpage.We maywrite thisin matrix form as:

= Ax 2)



wherea;; = d;jl if (j,4) € E andzerootherwise.
In practicemary pageshave noin-links andtheeigervectorof (2) is mostly zero. To getaroundthis difficulty, we mayuse
an“actualmodel”:

zi=(l—a)+a Y dl'z; Vi (3)
(4.9)EE
or in matrixterms:
z=(1—a)e+ alx 4

wheree is thevectorof all 1's,anda (0 < a < 1) is aparameterlf we scaler sothate” z = n thisis equivalentto:

T
z=[(1- a)g + aAlz (5)

n

Unlessstatedotherwisewe useavalueof 0.9 for «, but othersreportusingavalueof 0.85. This modificationclearlyovercomes
the problemof identicallyzeroPageRank—wenaythink of (3) as“seeding”eachpagewith arankof (1 — «).
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3 POWERITERATION AND CONVERGENCE

Power iteration[3] is themoststraightforwardechniqudor computingthe principaleigervectorof amatrix. Elementarytheory
tellsusthatasa is reducedrom 1 the gapbetweerthe principalandsecondeigervaluewill increaseandpower iterationwill
converge morequickly. Thisis commonlyobsered. Whatis not commonlyobsenredis thatconvergencemay dependon the
structureof the graph.We cannaturallypartitionthe graphinto links insideWebsites,andlinks across\Vebsites.We consider
thecorvergenceof poweriterationonthehost graph, in whicheachvertex correspondso anentireWebsite. Any edgebetween
pagesn differentsitesis represente@dsanedgebetweernthe correspondingite verticesin the hostgraph. We considertwo
variants:in thefirst we allow multiple edgesdetweersitesif multiple pageson onesite containedinks to the samedestination
site. In the secondwe collapseall suchhyperlinksinto a singleedge.Figurel shows the corvergenceof power iterationfor
thesetwo variantsof the hostgraptagainsthe convergencefor the entire SCCfor the StanfordWebBasegraph([4.

Note that the normalizederror measuregresiduals)in Figure 1 are plottedin log scale. Clearly, residualsare ordersof
magnitudesmallerfor the hostgraphthanin the whole SCC.Furthermorewe wereableto computenumericallythe second
eigevalue of the hostgraph,which is 0.9896. Thus,the eigervaluegapis largerthan 1%, implying quite rapid corvergence.



On the otherhand,the eigervaluegapfor the SCCwastoo smallfor usto completecomputatiorof the secondeigervaluein
reasonabléime.

We concludethatconnectvity betweenWeb sitesis strongandrobust. However, oncewe shift from the granularityof the
hostgraphbackto the granularityof the Web graphitself, the complex structurewithin individual sitescausesonvergenceto
suffer.

4 EIGENSYSTEMSOR EQUATIONS?

Insteadof computingan eigervectorfrom (5), we now considerthe completelyequivalentproblemof solving the setof equa-
tions (4), which we canwrite morecorventionallyas:

(I —ad)z=(1-a) (6)
The simplestiterative method—Jacoliteration—forsolving(6), requiringusto computeat iterationk

:cl(kﬂ) =(1l-a)+a Z al-jx;k) Vi, (7)
(Ji)eE

turnsoutto producethe samesequencef 2(*) aspower iterationcarriedout on (5). The next stepis to usethe Gauss-Seidel

iteration:
2F ) = (1-a) + ozz aijx§k+1) + Z aiij-k) Vi (8)
Jj<i Jj>i
which useghe mostrecentvaluesrg-“l) wherever possible.ln Figure2 we plot the corvergenceof thetwo methodausingthe
sampleSCCof the previoussection.In this experimentwe first computedhe eigervector(for o = 0.9) by othermeango full
singleprecisionaccurag. We thenranthe Power Iterationand Gauss-Seidahethods at eachstepcomputingthe 2-normof
the deviation of the currentiteratex(*) from theknown solution.
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L ogarithmic Conver gence of PageRank for Power Iteration and Gauss-Seidel with o = 0.9

The Gauss-Seideinethodclearly conveges muchfasterthanthe Paver/Jacobimethods. The only caveatis that Gauss-
Siedelrequiresus to sort A by row, while Paver/Jacobican useit in ary order Experimentsindicate that the improved
convergencemorethanmakesup for the sort. Whole classe®f iterative methods[3Jremainuntriedfor this problem.



5 LARGE SCALE STRUCTURE OF THE WEB AND ITSIMPLICATIONS

So far we have considerecnly small-scalestructureof the Web graphandits associatednatrices. Whenwe considerthe
large-scalestructureof the Web, the agumentdor usingan equation-solvin@pproachhecomeeven stronger As is now well
known, the graphstructureof the Web maybe characterizetby the “bow tie” of Figure3 (seeBroderetal[2])
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Bowtie Structure of the Web

Ignoring the disconnecte@omponentswhich canbe dealtwith separatelyit is easyto seethatthis structurecorresponds
to aspecialcaseof a “block uppertriangular”’permutatiorof our coeficient matrix:

Ay A A ... Ay
AQQ A23 « e AQN

A= Azz ... Asn (9)
AnN

andindeedwe mayview thebow tie asavisualmodelwhich capturesome but by no meansall, of thestructurewhich canbe
extractedfrom thematrix A.

The structure(9), whereeachdiagonalblockis irreducible, maybe extractedby DepthFirst Search DFS)[6]. Thelargest
diagonalblock correspondso the SCC,andthis is the only really efficient way thatwe know of to find it. We maytherefore
considerthe finding of the entiredetailedblock structure(9), a linear compleity processgequialentto the work involvedin
justthefirst stepof finding the SCCfor the bow tie.

Whenanequationsolvingmethodis usedwe mayconformablypartitionz with the matrix sothat

T:(TTT T)

T Ty T5,T3,..., TN

andequation(6) canbe solvedvia a sequencef smallerproblemsof the generaform:

N
(I—-ady)r,=(1—a)e+a Z Aijzj (10)
j=i+1

fori=N,...,2,1.



StrongComponenSize | Numberof This Size

8,188,380 1
108,131 1
30,000- 40,000 7
20,000- 29,000 34
10,000- 19,999 68

1,000- 9,999 808

2-1,000 221,149
1 4,771,701
Tablel.

SizeandNumberof StrongComponents

Generallyspeakingwe expectthe solutionof thesesubproblemso takefewer iterationsindividually thanis requiredfor
thehugematrix A, leadingto lesstotal arithmetic. The otherpayof, perhapghe payof;, is in reduced/O.

Whenwe solve the sequencef setsof equationg10) we expectthe largestof the subproblemdo be of the orderof the
SCC,andmary of the A;; matricesmay now be ableto fit in memory To illustratethis, we shav in Table 1 the size of the
strongcomponentgor the Web graphof an experimental(andincomplete)crawl of the IBM intranet,with 20,813,49pages
and333,203,244dinks. We seethatthereis arapiddrop-off in sizefrom thelargestSCCof about8 million pagego mary much
smallercomponentsThis suggesta stratgy of aggrgatingadjacentomponentsi.e. diagonablocksin (9)) to producemary
A;; submatricesvhichfit in main memory—perhap#r all but thelargestSCC.In this situationthe total amountof buffering
(I/O) requiredis considerablyreduced.

6 CONCLUSION

Our limited experimentssuggesthat PageRankcomputationcanbe significantly speededip. We await the resultsof larger
crawls beingcarriedout by our colleaguego testthe methodswve have discussedhereon a full Webscale.
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